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ABSTRACT
Critiquing is a method for conversational recommendation that

iteratively adapts recommendations in response to user preference

feedback. In this setting, a user is iteratively provided with an item

recommendation and attribute description for that item; a user

may either accept the recommendation, or critique the attributes

in the item description to generate a new recommendation. Histor-

ical critiquing methods were largely based on explicit constraint-

and utility-based methods for modifying recommendations w.r.t.

critiqued item attributes. In this paper, we revisit the critiquing

approach in the era of recommendation methods based on latent

embeddings with subjective item descriptions (i.e., keyphrases from

user reviews). Two critical research problems arise: (1) how to co-

embed keyphrase critiques with user preference embeddings to

update recommendations, and (2) how to modulate the strength of

multi-step critiquing feedback, where critiques are not necessarily

independent, nor of equal importance. To address (1), we build

on an existing state-of-the-art linear embedding recommendation

algorithm to align review-based keyphrase attributes with user pref-

erence embeddings. To address (2), we exploit the linear structure

of the embeddings and recommendation prediction to formulate

a linear program (LP) based optimization problem to determine

optimal weights for incorporating critique feedback. We evaluate

the proposed framework on two recommendation datasets contain-

ing user reviews with simulated users. Empirical results compared

to a standard approach of averaging critique feedback show that

our approach reduces the number of interactions required to find a

satisfactory item and increases the overall success rate.
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1 INTRODUCTION
Critiquing is a method for conversational (a.k.a. sequential interac-

tive) recommendation that adapts recommendations in response to

user preference feedback regarding item attributes. For example,

in unit critiquing [1], a user might critique a digital camera rec-

ommendation by requesting an item with higher resolution and in

compound critiquing [10, 12], a user might further explore items

that have longer battery life and lower price than an initial recom-

mendation. Further extensions such as incremental critiquing con-

sider the cumulative effect of iterated critiquing interactions [11]

while experience-basedmethods attempt to collaboratively leverage

critiquing interactions from multiple users [8].

Historical critiquing methods were largely based on constraint-

and utility-based methods for modifying recommendations w.r.t.

critiques of explicitly known item attributes. In this paper, we revisit

the critiquing approach in the era of state-of-the-art recommen-

dation methods based on latent embeddings [4, 5, 13, 14, 18]. In

addition, we assume that item attributes are not explicitly known,
but rather represented as keyphrases sourced from subjective user

reviews. Though some work has focused on explanations in cri-

tiquing [12] and other work [2, 16, 17] has respectively explored

speech- and dialog-based interfaces for critiquing-style frameworks,

these architectures have nonetheless assumed that item attributes

are largely orthogonal and explicitly known a priori, or otherwise
could only handle a single critiquing step before resetting [17].

In our novel setting of multistep latent critiquing, it is not im-

mediately clear how critiques of subjective keyphrases should be

incorporated into the latent user preference representation to modu-

late future recommendations. To this end, we formalize and address

two critical research problems in this paper:

(1) How can we co-embed item critiques with general user pref-

erence information to properly take the critiques into ac-

count for subsequent recommendations?

(2) How can we appropriately modulate the strength of each

critique in multi-step critiquing feedback, where critiques

are not necessarily independent, nor of equal importance?

To address problem (1), we extend an existing state-of-the-art lin-

ear embedding recommendation algorithm that we term Projected
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https://doi.org/10.1145/3366423.3380003


WWW ’20, April 20–24, 2020, Taipei, Taiwan Kai Luo, Scott Sanner, Ga Wu, Hanze Li, Hojin Yang

Linear Recommendation (PLRec) [13] to embed user preferences

and align review-based keyphrase attributes with those embed-

dings. To address problem (2), we exploit the linear structure of the

embeddings and recommendation prediction to formulate a linear

program (LP) based optimization problem to determine optimal

weights for incorporating critique feedback. To this end, we refer

to our overall framework as latent linear critiquing (LLC) since it

exploits linear embedding structure to perform latent critiquing.

We evaluate LLC on two recommendation datasets containing

user reviews with simulated users. Empirical results compared to

standard approaches for averaging critique feedback show that our

LP LLC approaches reduce the number of interactions required to

find a satisfactory item and increases the overall percentage of suc-

cessfully retrieved items in our experimental setting. In summary,

this paper provides a novel critiquing method for manipulating

latent user embeddings through efficient LP-based optimization.

2 PRELIMINARIES
2.1 Notation
Before proceeding, we define the following notation:

• R ∈ R |I |× | J | . This is a user preference matrix. Entries ri , j are
either 1 (preference observed) or 0 (preference not observed).

ri represents all feedback from user i , and r:, j represents all
user feedback for item j.
• S ∈ R |I |× |K | . This is the user-keyphrase matrix. Given user

reviews from a corpus, we extract keyphrases that describe

item attributes from all reviews as shown in Table 1. This

matrix contains user and term frequencies of keyphrases.

We use si for ith user’s count of keyphrase usage in their

reviews, and s
:,k for the kth keyphrase count over all users.

• S ′ ∈ R | J |× |K | . This is the item-keyphrase matrix. Given

item reviews written by all users from a corpus, we extract

keyphrases that describe item attributes as shown in Table 1.

This matrix contains total keyphrase counts (frequencies)

in reviews for each item and keyphrase term. We use s′j
to represent jth item’s keyphrase frequencies, and s′

:,k to

represent kth keyphrase’s frequency across all items.

• j−k ∈ {j |S ′j ,k = 0,∀j}. This item set represents items that do

not contain the critiqued keyphrase k .

• j+k ∈ {j |S ′j ,k > 0,∀j}. This item set represents items that

contain the critiqued keyphrase k .

2.2 Projected Linear Recommendation
Linear Recommendation methods learn a matrix representing

either user-user or item-item similarity by casting the problem

in a linear regression framework [9, 15]. An unconstrained linear

recommender uses an objective of the following form:

argmin

W

∑
i




ri − riWT



2
2

+ Ω(W ) , (1)

whereW represents the similarity matrix to train, and Ω is a regular-

ization term. Unfortunately, in modern recommendation problems

that have large numbers of users and items, such naïve linear recom-

mendation approaches are infeasible due to the space requirements

of explicitly storing the similarity matrixW .

Table 1: The two datasets we use in this paper along with
example keyphrases extracted from reviews in the dataset.

Dataset Reason Type Keyphrases

Head white, tan, offwhite, brown

Beer Malt roasted, caramel, pale, wheat, rye

Color golden, copper, orange, black, yellow

Taste citrus, fruit, chocolate, cherry, plum

Genre rock, pop, jazz, rap, hip hop, R&B

CDs&Vinyl Instrument orchestra, drum

Style concert, opera

Religious chorus, christian, gospel

Projected Linear Recommendation (PLRec) is a term that we

use for the state-of-the-art recommendation method of [13] that

mitigates the scalability problem described above by projecting

preferences from R into a reduced-dimension embedded space prior

to linear regression. Formally, the PLRec objective is defined as

argmin

W

∑
i




ri − riVWT



2
2

+ Ω(W ) , (2)

where parametersW are learned and V is a fixed embedding pro-

jection matrix. It is critical to note here that because V is fixed, the

above objective still leads to a convex linear regression problem.

PLRec obtains V by taking a low-rank SVD approximation of the

observation matrix R such that R = U ΣVT
, and the rank |L| of V is

far smaller than the observation dimensions |I | and |J |. We denote

the projected, embedded representation of user i as zi = riV .

2.3 Conversational Critiquing
In the conversational critiquing setting of this paper, a user is itera-

tively provided with item recommendations and keyphrase descrip-

tions for that item; a user may either critique the keyphrases in

the item description or accept the item recommendation, at which

point the iteration terminates. Two examples of a conversational

critiquing interaction from our experiments are provided in Table 2.

A single critiquing step can be viewed as a series of functional

transformations that produce a modified prediction r̂i of item pref-

erences for user i given critiqued item keyphrases si as follows:

r̂i = fm (ri , s̃i ) , given s̃i = ψ (si , ci ) , (3)

where the critique-modified recommendation function fm takes

user preferences ri and critiqued keyphrases s̃i as input and pro-

duces a recommendation r̂i as output. The functionψ applies a user

critiquing action ci to user keyphrases si .
In the case of critiquing over multiple time steps as demonstrated

in Figure 1, a user is iteratively provided with the item recommen-

dations r̃ti for each time step t , and, based on the recommendations,

the user may make a new critique cti and update the representa-

tion of critiqued keyphrases s̃t−1i though a cumulative critiquing

functionψ :

s̃ti = ψ (si , s̃
t−1
i , c

t
i ) . (4)

The user may alternately accept the item recommendation, at which

point the iteration terminates.
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Table 2: User Case Study for target rank 1 on the CDs&Vinyl and Beer datasets.

Dataset Time Step t Recommended Item Top Keyphrases Describing the Item Critiqued Keyphrase Successfully Retrieved?

0 No Code Rock, Metal, Rap Rap -

CDs&Vinyl 1 Jar Of Flies Rock, Pop, Ballad Pop -

2 Pearl Jam Rock, Metal, Instrument - ✓

0 Sierra Nevada Southern Hemisphere Harvest Fresh Hop Ale Citrus, Sweet, Caramel Citrus -

Beer 1 Maharaja Sweet, Orange, Grapefruit Grapefruit -

2 Fuller’s ESB Caramel, Fruit, Copper - ✓

ri
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<latexit sha1_base64="D3n1Cz5mULn3Ko02fF1jYY5CvfY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoigi4LblxWsA9oY5hMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6U3h9x6pVCwW9zpLqBfhsWAhI1gbybfrwwjrSRDmZOazh1yfu7OabzecpjMHWiVuSRpQou3bX8NRTNKICk04VmrgOon2ciw1I5zOasNU0QSTKR7TgaECR1R5+Tz8DJ0aZYTCWJonNJqrvzdyHCmVRYGZLKKqZa8Q//MGqQ6vvZyJJNVUkMWhMOVIx6hoAo2YpETzzBBMJDNZEZlgiYk2fRUluMtfXiXdi6brNN27y0bLKeuowjGcwBm4cAUtuIU2dIBABs/wCm/Wk/VivVsfi9GKVe7U4Q+szx9QYZR4</latexit><latexit sha1_base64="D3n1Cz5mULn3Ko02fF1jYY5CvfY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoigi4LblxWsA9oY5hMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6U3h9x6pVCwW9zpLqBfhsWAhI1gbybfrwwjrSRDmZOazh1yfu7OabzecpjMHWiVuSRpQou3bX8NRTNKICk04VmrgOon2ciw1I5zOasNU0QSTKR7TgaECR1R5+Tz8DJ0aZYTCWJonNJqrvzdyHCmVRYGZLKKqZa8Q//MGqQ6vvZyJJNVUkMWhMOVIx6hoAo2YpETzzBBMJDNZEZlgiYk2fRUluMtfXiXdi6brNN27y0bLKeuowjGcwBm4cAUtuIU2dIBABs/wCm/Wk/VivVsfi9GKVe7U4Q+szx9QYZR4</latexit><latexit sha1_base64="D3n1Cz5mULn3Ko02fF1jYY5CvfY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoigi4LblxWsA9oY5hMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6U3h9x6pVCwW9zpLqBfhsWAhI1gbybfrwwjrSRDmZOazh1yfu7OabzecpjMHWiVuSRpQou3bX8NRTNKICk04VmrgOon2ciw1I5zOasNU0QSTKR7TgaECR1R5+Tz8DJ0aZYTCWJonNJqrvzdyHCmVRYGZLKKqZa8Q//MGqQ6vvZyJJNVUkMWhMOVIx6hoAo2YpETzzBBMJDNZEZlgiYk2fRUluMtfXiXdi6brNN27y0bLKeuowjGcwBm4cAUtuIU2dIBABs/wCm/Wk/VivVsfi9GKVe7U4Q+szx9QYZR4</latexit><latexit sha1_base64="D3n1Cz5mULn3Ko02fF1jYY5CvfY=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoigi4LblxWsA9oY5hMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmBAlnSjvOt1VZW9/Y3Kpu13Z29/YP7MOjropTSWiHxDyW/QArypmgHc00p/1EUhwFnPaC6U3h9x6pVCwW9zpLqBfhsWAhI1gbybfrwwjrSRDmZOazh1yfu7OabzecpjMHWiVuSRpQou3bX8NRTNKICk04VmrgOon2ciw1I5zOasNU0QSTKR7TgaECR1R5+Tz8DJ0aZYTCWJonNJqrvzdyHCmVRYGZLKKqZa8Q//MGqQ6vvZyJJNVUkMWhMOVIx6hoAo2YpETzzBBMJDNZEZlgiYk2fRUluMtfXiXdi6brNN27y0bLKeuowjGcwBm4cAUtuIU2dIBABs/wCm/Wk/VivVsfi9GKVe7U4Q+szx9QYZR4</latexit>

r̂t�1
i

<latexit sha1_base64="fJG6lNL+hO2DBHQ5fHW/lY91QnU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCF0sigh4LXjxWsB/QxLLZbtqlm03YnQglBC/+FS8eFPHqr/Dmv3HT5qCtDwYe780wMy9IBNfgON/W0vLK6tp6ZaO6ubW9s2vv7bd1nCrKWjQWseoGRDPBJWsBB8G6iWIkCgTrBOPrwu88MKV5LO9gkjA/IkPJQ04JGKlvH3ojApkXERgFYabyvM/vMzhz82rfrjl1Zwq8SNyS1FCJZt/+8gYxTSMmgQqidc91EvAzooBTwfKql2qWEDomQ9YzVJKIaT+bvpDjE6MMcBgrUxLwVP09kZFI60kUmM7iVj3vFeJ/Xi+F8MrPuExSYJLOFoWpwBDjIg884IpREBNDCFXc3IrpiChCwaRWhODOv7xI2ud116m7txe1hlPGUUFH6BidIhddoga6QU3UQhQ9omf0it6sJ+vFerc+Zq1LVjlzgP7A+vwBY+OXVg==</latexit><latexit sha1_base64="fJG6lNL+hO2DBHQ5fHW/lY91QnU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCF0sigh4LXjxWsB/QxLLZbtqlm03YnQglBC/+FS8eFPHqr/Dmv3HT5qCtDwYe780wMy9IBNfgON/W0vLK6tp6ZaO6ubW9s2vv7bd1nCrKWjQWseoGRDPBJWsBB8G6iWIkCgTrBOPrwu88MKV5LO9gkjA/IkPJQ04JGKlvH3ojApkXERgFYabyvM/vMzhz82rfrjl1Zwq8SNyS1FCJZt/+8gYxTSMmgQqidc91EvAzooBTwfKql2qWEDomQ9YzVJKIaT+bvpDjE6MMcBgrUxLwVP09kZFI60kUmM7iVj3vFeJ/Xi+F8MrPuExSYJLOFoWpwBDjIg884IpREBNDCFXc3IrpiChCwaRWhODOv7xI2ud116m7txe1hlPGUUFH6BidIhddoga6QU3UQhQ9omf0it6sJ+vFerc+Zq1LVjlzgP7A+vwBY+OXVg==</latexit><latexit sha1_base64="fJG6lNL+hO2DBHQ5fHW/lY91QnU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCF0sigh4LXjxWsB/QxLLZbtqlm03YnQglBC/+FS8eFPHqr/Dmv3HT5qCtDwYe780wMy9IBNfgON/W0vLK6tp6ZaO6ubW9s2vv7bd1nCrKWjQWseoGRDPBJWsBB8G6iWIkCgTrBOPrwu88MKV5LO9gkjA/IkPJQ04JGKlvH3ojApkXERgFYabyvM/vMzhz82rfrjl1Zwq8SNyS1FCJZt/+8gYxTSMmgQqidc91EvAzooBTwfKql2qWEDomQ9YzVJKIaT+bvpDjE6MMcBgrUxLwVP09kZFI60kUmM7iVj3vFeJ/Xi+F8MrPuExSYJLOFoWpwBDjIg884IpREBNDCFXc3IrpiChCwaRWhODOv7xI2ud116m7txe1hlPGUUFH6BidIhddoga6QU3UQhQ9omf0it6sJ+vFerc+Zq1LVjlzgP7A+vwBY+OXVg==</latexit><latexit sha1_base64="fJG6lNL+hO2DBHQ5fHW/lY91QnU=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCF0sigh4LXjxWsB/QxLLZbtqlm03YnQglBC/+FS8eFPHqr/Dmv3HT5qCtDwYe780wMy9IBNfgON/W0vLK6tp6ZaO6ubW9s2vv7bd1nCrKWjQWseoGRDPBJWsBB8G6iWIkCgTrBOPrwu88MKV5LO9gkjA/IkPJQ04JGKlvH3ojApkXERgFYabyvM/vMzhz82rfrjl1Zwq8SNyS1FCJZt/+8gYxTSMmgQqidc91EvAzooBTwfKql2qWEDomQ9YzVJKIaT+bvpDjE6MMcBgrUxLwVP09kZFI60kUmM7iVj3vFeJ/Xi+F8MrPuExSYJLOFoWpwBDjIg884IpREBNDCFXc3IrpiChCwaRWhODOv7xI2ud116m7txe1hlPGUUFH6BidIhddoga6QU3UQhQ9omf0it6sJ+vFerc+Zq1LVjlzgP7A+vwBY+OXVg==</latexit>

r̂t
i<latexit sha1_base64="gXQkukhEtZY7K5Jb9i+KrJGn1EU=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfRY8OKxgv2AJobNdtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpc9DWBwOP92aYmRemgmtwnG9rZXVtfWOztlXf3tnd27cPDrs6yRRlHZqIRPVDopngknWAg2D9VDESh4L1wslN6fcemdI8kfcwTZkfk5HkEacEjBTYx96YQO7FBMZhlKuiCPhDDkU9sBtO05kBLxO3Ig1UoR3YX94woVnMJFBBtB64Tgp+ThRwKlhR9zLNUkInZMQGhkoSM+3nswcKfGaUIY4SZUoCnqm/J3ISaz2NQ9NZXqoXvVL8zxtkEF37OZdpBkzS+aIoExgSXKaBh1wxCmJqCKGKm1sxHRNFKJjMyhDcxZeXSfei6TpN9+6y0XKqOGroBJ2ic+SiK9RCt6iNOoiiAj2jV/RmPVkv1rv1MW9dsaqZI/QH1ucPeFeW5A==</latexit><latexit sha1_base64="gXQkukhEtZY7K5Jb9i+KrJGn1EU=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfRY8OKxgv2AJobNdtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpc9DWBwOP92aYmRemgmtwnG9rZXVtfWOztlXf3tnd27cPDrs6yRRlHZqIRPVDopngknWAg2D9VDESh4L1wslN6fcemdI8kfcwTZkfk5HkEacEjBTYx96YQO7FBMZhlKuiCPhDDkU9sBtO05kBLxO3Ig1UoR3YX94woVnMJFBBtB64Tgp+ThRwKlhR9zLNUkInZMQGhkoSM+3nswcKfGaUIY4SZUoCnqm/J3ISaz2NQ9NZXqoXvVL8zxtkEF37OZdpBkzS+aIoExgSXKaBh1wxCmJqCKGKm1sxHRNFKJjMyhDcxZeXSfei6TpN9+6y0XKqOGroBJ2ic+SiK9RCt6iNOoiiAj2jV/RmPVkv1rv1MW9dsaqZI/QH1ucPeFeW5A==</latexit><latexit sha1_base64="gXQkukhEtZY7K5Jb9i+KrJGn1EU=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfRY8OKxgv2AJobNdtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpc9DWBwOP92aYmRemgmtwnG9rZXVtfWOztlXf3tnd27cPDrs6yRRlHZqIRPVDopngknWAg2D9VDESh4L1wslN6fcemdI8kfcwTZkfk5HkEacEjBTYx96YQO7FBMZhlKuiCPhDDkU9sBtO05kBLxO3Ig1UoR3YX94woVnMJFBBtB64Tgp+ThRwKlhR9zLNUkInZMQGhkoSM+3nswcKfGaUIY4SZUoCnqm/J3ISaz2NQ9NZXqoXvVL8zxtkEF37OZdpBkzS+aIoExgSXKaBh1wxCmJqCKGKm1sxHRNFKJjMyhDcxZeXSfei6TpN9+6y0XKqOGroBJ2ic+SiK9RCt6iNOoiiAj2jV/RmPVkv1rv1MW9dsaqZI/QH1ucPeFeW5A==</latexit><latexit sha1_base64="gXQkukhEtZY7K5Jb9i+KrJGn1EU=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSEfRY8OKxgv2AJobNdtMu3WzC7kQoIRf/ihcPinj1Z3jz37hpc9DWBwOP92aYmRemgmtwnG9rZXVtfWOztlXf3tnd27cPDrs6yRRlHZqIRPVDopngknWAg2D9VDESh4L1wslN6fcemdI8kfcwTZkfk5HkEacEjBTYx96YQO7FBMZhlKuiCPhDDkU9sBtO05kBLxO3Ig1UoR3YX94woVnMJFBBtB64Tgp+ThRwKlhR9zLNUkInZMQGhkoSM+3nswcKfGaUIY4SZUoCnqm/J3ISaz2NQ9NZXqoXvVL8zxtkEF37OZdpBkzS+aIoExgSXKaBh1wxCmJqCKGKm1sxHRNFKJjMyhDcxZeXSfei6TpN9+6y0XKqOGroBJ2ic+SiK9RCt6iNOoiiAj2jV/RmPVkv1rv1MW9dsaqZI/QH1ucPeFeW5A==</latexit>

r̂t+1
i

<latexit sha1_base64="/HBaAKNz98+hLzQjgsboYYnDKzg=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCIJREBD0WvHisYD+giWWz3bRLN5uwOxFKCF78K148KOLVX+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX1ykZ1c2t7Z9fe22/rOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcbXhd95YErzWN7BJGF+RIaSh5wSMFLfPvRGBDIvIjAKwkzleZ/fZ3Dm5tW+XXPqzhR4kbglqaESzb795Q1imkZMAhVE657rJOBnRAGnguVVL9UsIXRMhqxnqCQR0342fSHHJ0YZ4DBWpiTgqfp7IiOR1pMoMJ3FrXreK8T/vF4K4ZWfcZmkwCSdLQpTgSHGRR54wBWjICaGEKq4uRXTEVGEgkmtCMGdf3mRtM/rrlN3by9qDaeMo4KO0DE6RS66RA10g5qohSh6RM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkDYNWXVA==</latexit><latexit sha1_base64="/HBaAKNz98+hLzQjgsboYYnDKzg=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCIJREBD0WvHisYD+giWWz3bRLN5uwOxFKCF78K148KOLVX+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX1ykZ1c2t7Z9fe22/rOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcbXhd95YErzWN7BJGF+RIaSh5wSMFLfPvRGBDIvIjAKwkzleZ/fZ3Dm5tW+XXPqzhR4kbglqaESzb795Q1imkZMAhVE657rJOBnRAGnguVVL9UsIXRMhqxnqCQR0342fSHHJ0YZ4DBWpiTgqfp7IiOR1pMoMJ3FrXreK8T/vF4K4ZWfcZmkwCSdLQpTgSHGRR54wBWjICaGEKq4uRXTEVGEgkmtCMGdf3mRtM/rrlN3by9qDaeMo4KO0DE6RS66RA10g5qohSh6RM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkDYNWXVA==</latexit><latexit sha1_base64="/HBaAKNz98+hLzQjgsboYYnDKzg=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCIJREBD0WvHisYD+giWWz3bRLN5uwOxFKCF78K148KOLVX+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX1ykZ1c2t7Z9fe22/rOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcbXhd95YErzWN7BJGF+RIaSh5wSMFLfPvRGBDIvIjAKwkzleZ/fZ3Dm5tW+XXPqzhR4kbglqaESzb795Q1imkZMAhVE657rJOBnRAGnguVVL9UsIXRMhqxnqCQR0342fSHHJ0YZ4DBWpiTgqfp7IiOR1pMoMJ3FrXreK8T/vF4K4ZWfcZmkwCSdLQpTgSHGRR54wBWjICaGEKq4uRXTEVGEgkmtCMGdf3mRtM/rrlN3by9qDaeMo4KO0DE6RS66RA10g5qohSh6RM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkDYNWXVA==</latexit><latexit sha1_base64="/HBaAKNz98+hLzQjgsboYYnDKzg=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCIJREBD0WvHisYD+giWWz3bRLN5uwOxFKCF78K148KOLVX+HNf+OmzUFbHww83pthZl6QCK7Bcb6tpeWV1bX1ykZ1c2t7Z9fe22/rOFWUtWgsYtUNiGaCS9YCDoJ1E8VIFAjWCcbXhd95YErzWN7BJGF+RIaSh5wSMFLfPvRGBDIvIjAKwkzleZ/fZ3Dm5tW+XXPqzhR4kbglqaESzb795Q1imkZMAhVE657rJOBnRAGnguVVL9UsIXRMhqxnqCQR0342fSHHJ0YZ4DBWpiTgqfp7IiOR1pMoMJ3FrXreK8T/vF4K4ZWfcZmkwCSdLQpTgSHGRR54wBWjICaGEKq4uRXTEVGEgkmtCMGdf3mRtM/rrlN3by9qDaeMo4KO0DE6RS66RA10g5qohSh6RM/oFb1ZT9aL9W59zFqXrHLmAP2B9fkDYNWXVA==</latexit>

s̃t+1
i

<latexit sha1_base64="ECjIsLo94zoAhkbkisAdTW4A1MI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6LLgxmUF+4Amhslk0g6dPJi5EUrIwo2/4saFIm79CHf+jZM2C209cOFwzr3ce4+fCq7Asr6NldW19Y3N2lZ9e2d3b988OOypJJOUdWkiEjnwiWKCx6wLHAQbpJKRyBes70+uS7//wKTiSXwH05S5ERnFPOSUgJY8s+EAFwHLnYjA2A9zVRQev8/hzC7qntm0WtYMeJnYFWmiCh3P/HKChGYRi4EKotTQtlJwcyKBU8GKupMplhI6ISM21DQmEVNuPnuiwCdaCXCYSF0x4Jn6eyInkVLTyNed5a1q0SvF/7xhBuGVm/M4zYDFdL4ozASGBJeJ4IBLRkFMNSFUcn0rpmMiCQWdWxmCvfjyMumdt2yrZd9eNNtWFUcNNdAxOkU2ukRtdIM6qIsoekTP6BW9GU/Gi/FufMxbV4xq5gj9gfH5AwUFmD4=</latexit><latexit sha1_base64="ECjIsLo94zoAhkbkisAdTW4A1MI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6LLgxmUF+4Amhslk0g6dPJi5EUrIwo2/4saFIm79CHf+jZM2C209cOFwzr3ce4+fCq7Asr6NldW19Y3N2lZ9e2d3b988OOypJJOUdWkiEjnwiWKCx6wLHAQbpJKRyBes70+uS7//wKTiSXwH05S5ERnFPOSUgJY8s+EAFwHLnYjA2A9zVRQev8/hzC7qntm0WtYMeJnYFWmiCh3P/HKChGYRi4EKotTQtlJwcyKBU8GKupMplhI6ISM21DQmEVNuPnuiwCdaCXCYSF0x4Jn6eyInkVLTyNed5a1q0SvF/7xhBuGVm/M4zYDFdL4ozASGBJeJ4IBLRkFMNSFUcn0rpmMiCQWdWxmCvfjyMumdt2yrZd9eNNtWFUcNNdAxOkU2ukRtdIM6qIsoekTP6BW9GU/Gi/FufMxbV4xq5gj9gfH5AwUFmD4=</latexit><latexit sha1_base64="ECjIsLo94zoAhkbkisAdTW4A1MI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6LLgxmUF+4Amhslk0g6dPJi5EUrIwo2/4saFIm79CHf+jZM2C209cOFwzr3ce4+fCq7Asr6NldW19Y3N2lZ9e2d3b988OOypJJOUdWkiEjnwiWKCx6wLHAQbpJKRyBes70+uS7//wKTiSXwH05S5ERnFPOSUgJY8s+EAFwHLnYjA2A9zVRQev8/hzC7qntm0WtYMeJnYFWmiCh3P/HKChGYRi4EKotTQtlJwcyKBU8GKupMplhI6ISM21DQmEVNuPnuiwCdaCXCYSF0x4Jn6eyInkVLTyNed5a1q0SvF/7xhBuGVm/M4zYDFdL4ozASGBJeJ4IBLRkFMNSFUcn0rpmMiCQWdWxmCvfjyMumdt2yrZd9eNNtWFUcNNdAxOkU2ukRtdIM6qIsoekTP6BW9GU/Gi/FufMxbV4xq5gj9gfH5AwUFmD4=</latexit><latexit sha1_base64="ECjIsLo94zoAhkbkisAdTW4A1MI=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEEoSQi6LLgxmUF+4Amhslk0g6dPJi5EUrIwo2/4saFIm79CHf+jZM2C209cOFwzr3ce4+fCq7Asr6NldW19Y3N2lZ9e2d3b988OOypJJOUdWkiEjnwiWKCx6wLHAQbpJKRyBes70+uS7//wKTiSXwH05S5ERnFPOSUgJY8s+EAFwHLnYjA2A9zVRQev8/hzC7qntm0WtYMeJnYFWmiCh3P/HKChGYRi4EKotTQtlJwcyKBU8GKupMplhI6ISM21DQmEVNuPnuiwCdaCXCYSF0x4Jn6eyInkVLTyNed5a1q0SvF/7xhBuGVm/M4zYDFdL4ozASGBJeJ4IBLRkFMNSFUcn0rpmMiCQWdWxmCvfjyMumdt2yrZd9eNNtWFUcNNdAxOkU2ukRtdIM6qIsoekTP6BW9GU/Gi/FufMxbV4xq5gj9gfH5AwUFmD4=</latexit>

s̃t�2
i

<latexit sha1_base64="6spG5TchCnd7z29FPcWCVMY46Rc=">AAACBHicbVBNS8NAEN3Ur1q/oh57CRbBiyUpgh4LXjxWsB/Q1LDZbNqlm03YnQgl5ODFv+LFgyJe/RHe/Ddu2hy09cHA470ZZub5CWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHsuBjxXlTNAuMOB0kEiKI5/Tvj+9Lvz+A5WKxeIOZgkdRXgsWMgIBi15Zt0FxgOauRGGiR9mKs89dp/BeSuveWbDbtpzWKvEKUkDleh45pcbxCSNqADCsVJDx05glGEJjHCa19xU0QSTKR7ToaYCR1SNsvkTuXWqlcAKY6lLgDVXf09kOFJqFvm6s7hVLXuF+J83TCG8GmVMJClQQRaLwpRbEFtFIlbAJCXAZ5pgIpm+1SITLDEBnVsRgrP88irptZqO3XRuLxptu4yjiuroBJ0hB12iNrpBHdRFBD2iZ/SK3own48V4Nz4WrRWjnDlGf2B8/gAJmZhB</latexit><latexit sha1_base64="6spG5TchCnd7z29FPcWCVMY46Rc=">AAACBHicbVBNS8NAEN3Ur1q/oh57CRbBiyUpgh4LXjxWsB/Q1LDZbNqlm03YnQgl5ODFv+LFgyJe/RHe/Ddu2hy09cHA470ZZub5CWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHsuBjxXlTNAuMOB0kEiKI5/Tvj+9Lvz+A5WKxeIOZgkdRXgsWMgIBi15Zt0FxgOauRGGiR9mKs89dp/BeSuveWbDbtpzWKvEKUkDleh45pcbxCSNqADCsVJDx05glGEJjHCa19xU0QSTKR7ToaYCR1SNsvkTuXWqlcAKY6lLgDVXf09kOFJqFvm6s7hVLXuF+J83TCG8GmVMJClQQRaLwpRbEFtFIlbAJCXAZ5pgIpm+1SITLDEBnVsRgrP88irptZqO3XRuLxptu4yjiuroBJ0hB12iNrpBHdRFBD2iZ/SK3own48V4Nz4WrRWjnDlGf2B8/gAJmZhB</latexit><latexit sha1_base64="6spG5TchCnd7z29FPcWCVMY46Rc=">AAACBHicbVBNS8NAEN3Ur1q/oh57CRbBiyUpgh4LXjxWsB/Q1LDZbNqlm03YnQgl5ODFv+LFgyJe/RHe/Ddu2hy09cHA470ZZub5CWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHsuBjxXlTNAuMOB0kEiKI5/Tvj+9Lvz+A5WKxeIOZgkdRXgsWMgIBi15Zt0FxgOauRGGiR9mKs89dp/BeSuveWbDbtpzWKvEKUkDleh45pcbxCSNqADCsVJDx05glGEJjHCa19xU0QSTKR7ToaYCR1SNsvkTuXWqlcAKY6lLgDVXf09kOFJqFvm6s7hVLXuF+J83TCG8GmVMJClQQRaLwpRbEFtFIlbAJCXAZ5pgIpm+1SITLDEBnVsRgrP88irptZqO3XRuLxptu4yjiuroBJ0hB12iNrpBHdRFBD2iZ/SK3own48V4Nz4WrRWjnDlGf2B8/gAJmZhB</latexit><latexit sha1_base64="6spG5TchCnd7z29FPcWCVMY46Rc=">AAACBHicbVBNS8NAEN3Ur1q/oh57CRbBiyUpgh4LXjxWsB/Q1LDZbNqlm03YnQgl5ODFv+LFgyJe/RHe/Ddu2hy09cHA470ZZub5CWcKbPvbqKytb2xuVbdrO7t7+wfm4VFPxakktEtiHsuBjxXlTNAuMOB0kEiKI5/Tvj+9Lvz+A5WKxeIOZgkdRXgsWMgIBi15Zt0FxgOauRGGiR9mKs89dp/BeSuveWbDbtpzWKvEKUkDleh45pcbxCSNqADCsVJDx05glGEJjHCa19xU0QSTKR7ToaYCR1SNsvkTuXWqlcAKY6lLgDVXf09kOFJqFvm6s7hVLXuF+J83TCG8GmVMJClQQRaLwpRbEFtFIlbAJCXAZ5pgIpm+1SITLDEBnVsRgrP88irptZqO3XRuLxptu4yjiuroBJ0hB12iNrpBHdRFBD2iZ/SK3own48V4Nz4WrRWjnDlGf2B8/gAJmZhB</latexit>

si
<latexit sha1_base64="/RA0xvZ536Khwd/LNwUuZKUWMV4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu8LvPXFtRKIecZbyIKZjJSLBKFrJ92OKkzDKzXwohvWG23QXIOvEK0kDSrSH9S9/lLAs5gqZpMYMPDfFIKcaBZN8XvMzw1PKpnTMB5YqGnMT5IvMc3JhlRGJEm2fQrJQf2/kNDZmFod2sshoVr1C/M8bZBjdBrlQaYZcseWhKJMEE1IUQEZCc4ZyZgllWtishE2opgxtTTVbgrf65XXSvWp6btN7uG603LKOKpzBOVyCBzfQgntoQwcYpPAMr/DmZM6L8+58LEcrTrlzCn/gfP4AcjOR4Q==</latexit><latexit sha1_base64="/RA0xvZ536Khwd/LNwUuZKUWMV4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu8LvPXFtRKIecZbyIKZjJSLBKFrJ92OKkzDKzXwohvWG23QXIOvEK0kDSrSH9S9/lLAs5gqZpMYMPDfFIKcaBZN8XvMzw1PKpnTMB5YqGnMT5IvMc3JhlRGJEm2fQrJQf2/kNDZmFod2sshoVr1C/M8bZBjdBrlQaYZcseWhKJMEE1IUQEZCc4ZyZgllWtishE2opgxtTTVbgrf65XXSvWp6btN7uG603LKOKpzBOVyCBzfQgntoQwcYpPAMr/DmZM6L8+58LEcrTrlzCn/gfP4AcjOR4Q==</latexit><latexit sha1_base64="/RA0xvZ536Khwd/LNwUuZKUWMV4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu8LvPXFtRKIecZbyIKZjJSLBKFrJ92OKkzDKzXwohvWG23QXIOvEK0kDSrSH9S9/lLAs5gqZpMYMPDfFIKcaBZN8XvMzw1PKpnTMB5YqGnMT5IvMc3JhlRGJEm2fQrJQf2/kNDZmFod2sshoVr1C/M8bZBjdBrlQaYZcseWhKJMEE1IUQEZCc4ZyZgllWtishE2opgxtTTVbgrf65XXSvWp6btN7uG603LKOKpzBOVyCBzfQgntoQwcYpPAMr/DmZM6L8+58LEcrTrlzCn/gfP4AcjOR4Q==</latexit><latexit sha1_base64="/RA0xvZ536Khwd/LNwUuZKUWMV4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLgxmUF+4AmlMl00g6dTMLMjVBCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpxjsskYnuh9RwKRTvoEDJ+6nmNA4l74XTu8LvPXFtRKIecZbyIKZjJSLBKFrJ92OKkzDKzXwohvWG23QXIOvEK0kDSrSH9S9/lLAs5gqZpMYMPDfFIKcaBZN8XvMzw1PKpnTMB5YqGnMT5IvMc3JhlRGJEm2fQrJQf2/kNDZmFod2sshoVr1C/M8bZBjdBrlQaYZcseWhKJMEE1IUQEZCc4ZyZgllWtishE2opgxtTTVbgrf65XXSvWp6btN7uG603LKOKpzBOVyCBzfQgntoQwcYpPAMr/DmZM6L8+58LEcrTrlzCn/gfP4AcjOR4Q==</latexit>

 (si, s̃
t�2
i , ct�1

i )
<latexit sha1_base64="ODV5qfQYjkzpOcjHzQ2WXs69DSE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKtSSFEGXFTcuK9gLNLVMppN26OTCzIlQQp7Hja/ipguluPVBnLYRtfWHgZ/vnMOc87uR4Aosa2rk1tY3Nrfy24Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd1VtPTCoeBg8wjljXJ4OAe5wS0Khn3jiR4iXHJzB0vUSlPV52gIs+S36Yho8JXFTTMv6GNGN2et4zi1bFmguvGjszRZSp3jMnTj+ksc8CoIIo1bGtCLoJkcCpYGnBiRWLCB2RAetoGxCfqW4yPzXFZ5r0sRdK/QLAc/p7IiG+UmPf1Z2zVdVybQb/q3Vi8K67CQ+iGFhAFx95scAQ4lluuM8loyDG2hAqud4V0yGRhIJOt6BDsJdPXjXNasW2Kvb9ZbFmZXHk0Qk6RSVkoytUQ3eojhqIomf0it7Qu/FiTIyp8bFozRnZzDH6I+PzCzTgqD4=</latexit><latexit sha1_base64="ODV5qfQYjkzpOcjHzQ2WXs69DSE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKtSSFEGXFTcuK9gLNLVMppN26OTCzIlQQp7Hja/ipguluPVBnLYRtfWHgZ/vnMOc87uR4Aosa2rk1tY3Nrfy24Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd1VtPTCoeBg8wjljXJ4OAe5wS0Khn3jiR4iXHJzB0vUSlPV52gIs+S36Yho8JXFTTMv6GNGN2et4zi1bFmguvGjszRZSp3jMnTj+ksc8CoIIo1bGtCLoJkcCpYGnBiRWLCB2RAetoGxCfqW4yPzXFZ5r0sRdK/QLAc/p7IiG+UmPf1Z2zVdVybQb/q3Vi8K67CQ+iGFhAFx95scAQ4lluuM8loyDG2hAqud4V0yGRhIJOt6BDsJdPXjXNasW2Kvb9ZbFmZXHk0Qk6RSVkoytUQ3eojhqIomf0it7Qu/FiTIyp8bFozRnZzDH6I+PzCzTgqD4=</latexit><latexit sha1_base64="ODV5qfQYjkzpOcjHzQ2WXs69DSE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKtSSFEGXFTcuK9gLNLVMppN26OTCzIlQQp7Hja/ipguluPVBnLYRtfWHgZ/vnMOc87uR4Aosa2rk1tY3Nrfy24Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd1VtPTCoeBg8wjljXJ4OAe5wS0Khn3jiR4iXHJzB0vUSlPV52gIs+S36Yho8JXFTTMv6GNGN2et4zi1bFmguvGjszRZSp3jMnTj+ksc8CoIIo1bGtCLoJkcCpYGnBiRWLCB2RAetoGxCfqW4yPzXFZ5r0sRdK/QLAc/p7IiG+UmPf1Z2zVdVybQb/q3Vi8K67CQ+iGFhAFx95scAQ4lluuM8loyDG2hAqud4V0yGRhIJOt6BDsJdPXjXNasW2Kvb9ZbFmZXHk0Qk6RSVkoytUQ3eojhqIomf0it7Qu/FiTIyp8bFozRnZzDH6I+PzCzTgqD4=</latexit><latexit sha1_base64="ODV5qfQYjkzpOcjHzQ2WXs69DSE=">AAACKnicbZDLSsNAFIYn9VbrLerSzWARKtSSFEGXFTcuK9gLNLVMppN26OTCzIlQQp7Hja/ipguluPVBnLYRtfWHgZ/vnMOc87uR4Aosa2rk1tY3Nrfy24Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qd1VtPTCoeBg8wjljXJ4OAe5wS0Khn3jiR4iXHJzB0vUSlPV52gIs+S36Yho8JXFTTMv6GNGN2et4zi1bFmguvGjszRZSp3jMnTj+ksc8CoIIo1bGtCLoJkcCpYGnBiRWLCB2RAetoGxCfqW4yPzXFZ5r0sRdK/QLAc/p7IiG+UmPf1Z2zVdVybQb/q3Vi8K67CQ+iGFhAFx95scAQ4lluuM8loyDG2hAqud4V0yGRhIJOt6BDsJdPXjXNasW2Kvb9ZbFmZXHk0Qk6RSVkoytUQ3eojhqIomf0it7Qu/FiTIyp8bFozRnZzDH6I+PzCzTgqD4=</latexit>

 (si, s̃
t�1
i , ct

i)
<latexit sha1_base64="CwHBmgxZvr1GO8aSeE1TgQjN7wQ=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBlwY3LCvYCTSyT6aQdOrkwcyKUkNdx46u4UVDUrS/ipA2orQcGfr7/HOac34sFV2BZH0ZpaXllda28XtnY3NreMXf32ipKJGUtGolIdj2imOAhawEHwbqxZCTwBOt446vc79wzqXgU3sIkZm5AhiH3OSWgUd9sOLHiNScgMPL8VGV9foId4GLA0h+o6V0Kp3amvQLSGcuO+2bVqlvTwovCLkQVFdXsmy/OIKJJwEKggijVs60Y3JRI4FSwrOIkisWEjsmQ9bQMScCUm04vzfCRJgPsR1K/EPCU/p5ISaDUJPB0Z76omvdy+J/XS8C/dFMexgmwkM4+8hOBIcJ5bHjAJaMgJloQKrneFdMRkYSCDreiQ7DnT14U7bO6bdXtm/NqwyriKKMDdIhqyEYXqIGuURO1EEUP6Am9ojfj0Xg23o3PWWvJKGb20Z8yvr4Bi0an9Q==</latexit><latexit sha1_base64="CwHBmgxZvr1GO8aSeE1TgQjN7wQ=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBlwY3LCvYCTSyT6aQdOrkwcyKUkNdx46u4UVDUrS/ipA2orQcGfr7/HOac34sFV2BZH0ZpaXllda28XtnY3NreMXf32ipKJGUtGolIdj2imOAhawEHwbqxZCTwBOt446vc79wzqXgU3sIkZm5AhiH3OSWgUd9sOLHiNScgMPL8VGV9foId4GLA0h+o6V0Kp3amvQLSGcuO+2bVqlvTwovCLkQVFdXsmy/OIKJJwEKggijVs60Y3JRI4FSwrOIkisWEjsmQ9bQMScCUm04vzfCRJgPsR1K/EPCU/p5ISaDUJPB0Z76omvdy+J/XS8C/dFMexgmwkM4+8hOBIcJ5bHjAJaMgJloQKrneFdMRkYSCDreiQ7DnT14U7bO6bdXtm/NqwyriKKMDdIhqyEYXqIGuURO1EEUP6Am9ojfj0Xg23o3PWWvJKGb20Z8yvr4Bi0an9Q==</latexit><latexit sha1_base64="CwHBmgxZvr1GO8aSeE1TgQjN7wQ=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBlwY3LCvYCTSyT6aQdOrkwcyKUkNdx46u4UVDUrS/ipA2orQcGfr7/HOac34sFV2BZH0ZpaXllda28XtnY3NreMXf32ipKJGUtGolIdj2imOAhawEHwbqxZCTwBOt446vc79wzqXgU3sIkZm5AhiH3OSWgUd9sOLHiNScgMPL8VGV9foId4GLA0h+o6V0Kp3amvQLSGcuO+2bVqlvTwovCLkQVFdXsmy/OIKJJwEKggijVs60Y3JRI4FSwrOIkisWEjsmQ9bQMScCUm04vzfCRJgPsR1K/EPCU/p5ISaDUJPB0Z76omvdy+J/XS8C/dFMexgmwkM4+8hOBIcJ5bHjAJaMgJloQKrneFdMRkYSCDreiQ7DnT14U7bO6bdXtm/NqwyriKKMDdIhqyEYXqIGuURO1EEUP6Am9ojfj0Xg23o3PWWvJKGb20Z8yvr4Bi0an9Q==</latexit><latexit sha1_base64="CwHBmgxZvr1GO8aSeE1TgQjN7wQ=">AAACKXicbZDLSsNAFIYn9VbrLerSzWARKmhJRNBlwY3LCvYCTSyT6aQdOrkwcyKUkNdx46u4UVDUrS/ipA2orQcGfr7/HOac34sFV2BZH0ZpaXllda28XtnY3NreMXf32ipKJGUtGolIdj2imOAhawEHwbqxZCTwBOt446vc79wzqXgU3sIkZm5AhiH3OSWgUd9sOLHiNScgMPL8VGV9foId4GLA0h+o6V0Kp3amvQLSGcuO+2bVqlvTwovCLkQVFdXsmy/OIKJJwEKggijVs60Y3JRI4FSwrOIkisWEjsmQ9bQMScCUm04vzfCRJgPsR1K/EPCU/p5ISaDUJPB0Z76omvdy+J/XS8C/dFMexgmwkM4+8hOBIcJ5bHjAJaMgJloQKrneFdMRkYSCDreiQ7DnT14U7bO6bdXtm/NqwyriKKMDdIhqyEYXqIGuURO1EEUP6Am9ojfj0Xg23o3PWWvJKGb20Z8yvr4Bi0an9Q==</latexit>
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<latexit sha1_base64="FR7urgmetPQfYwFud1tkXToDXWM=">AAACKHicbZDLSsNAFIYnXmu9RV26GSxCxVISEXRnwY3LCvYCTS2T6aQdOrkwcyKUkMdx46u4EVGkW5/ESRtRW38Y+PnOOcw5vxsJrsCyJsbS8srq2npho7i5tb2za+7tN1UYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyR9dZvfXApOJhcAfjiHV9Mgi4xykBjXrmlRMpXnZ8AkPXS1Ta4xUHuOiz5IdpeJ9AWsHfiM7IqZ2e9MySVbWmwovGzk0J5ar3zFenH9LYZwFQQZTq2FYE3YRI4FSwtOjEikWEjsiAdbQNiM9UN5kemuJjTfrYC6V+AeAp/T2REF+pse/qzmxVNV/L4H+1TgzeZTfhQRQDC+jsIy8WGEKcpYb7XDIKYqwNoZLrXTEdEkko6GyLOgR7/uRF0zyr2lbVvj0v1aw8jgI6REeojGx0gWroBtVRA1H0iJ7RG3o3nowX48OYzFqXjHzmAP2R8fkFLQ6nyQ==</latexit><latexit sha1_base64="FR7urgmetPQfYwFud1tkXToDXWM=">AAACKHicbZDLSsNAFIYnXmu9RV26GSxCxVISEXRnwY3LCvYCTS2T6aQdOrkwcyKUkMdx46u4EVGkW5/ESRtRW38Y+PnOOcw5vxsJrsCyJsbS8srq2npho7i5tb2za+7tN1UYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyR9dZvfXApOJhcAfjiHV9Mgi4xykBjXrmlRMpXnZ8AkPXS1Ta4xUHuOiz5IdpeJ9AWsHfiM7IqZ2e9MySVbWmwovGzk0J5ar3zFenH9LYZwFQQZTq2FYE3YRI4FSwtOjEikWEjsiAdbQNiM9UN5kemuJjTfrYC6V+AeAp/T2REF+pse/qzmxVNV/L4H+1TgzeZTfhQRQDC+jsIy8WGEKcpYb7XDIKYqwNoZLrXTEdEkko6GyLOgR7/uRF0zyr2lbVvj0v1aw8jgI6REeojGx0gWroBtVRA1H0iJ7RG3o3nowX48OYzFqXjHzmAP2R8fkFLQ6nyQ==</latexit><latexit sha1_base64="FR7urgmetPQfYwFud1tkXToDXWM=">AAACKHicbZDLSsNAFIYnXmu9RV26GSxCxVISEXRnwY3LCvYCTS2T6aQdOrkwcyKUkMdx46u4EVGkW5/ESRtRW38Y+PnOOcw5vxsJrsCyJsbS8srq2npho7i5tb2za+7tN1UYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyR9dZvfXApOJhcAfjiHV9Mgi4xykBjXrmlRMpXnZ8AkPXS1Ta4xUHuOiz5IdpeJ9AWsHfiM7IqZ2e9MySVbWmwovGzk0J5ar3zFenH9LYZwFQQZTq2FYE3YRI4FSwtOjEikWEjsiAdbQNiM9UN5kemuJjTfrYC6V+AeAp/T2REF+pse/qzmxVNV/L4H+1TgzeZTfhQRQDC+jsIy8WGEKcpYb7XDIKYqwNoZLrXTEdEkko6GyLOgR7/uRF0zyr2lbVvj0v1aw8jgI6REeojGx0gWroBtVRA1H0iJ7RG3o3nowX48OYzFqXjHzmAP2R8fkFLQ6nyQ==</latexit><latexit sha1_base64="FR7urgmetPQfYwFud1tkXToDXWM=">AAACKHicbZDLSsNAFIYnXmu9RV26GSxCxVISEXRnwY3LCvYCTS2T6aQdOrkwcyKUkMdx46u4EVGkW5/ESRtRW38Y+PnOOcw5vxsJrsCyJsbS8srq2npho7i5tb2za+7tN1UYS8oaNBShbLtEMcED1gAOgrUjyYjvCtZyR9dZvfXApOJhcAfjiHV9Mgi4xykBjXrmlRMpXnZ8AkPXS1Ta4xUHuOiz5IdpeJ9AWsHfiM7IqZ2e9MySVbWmwovGzk0J5ar3zFenH9LYZwFQQZTq2FYE3YRI4FSwtOjEikWEjsiAdbQNiM9UN5kemuJjTfrYC6V+AeAp/T2REF+pse/qzmxVNV/L4H+1TgzeZTfhQRQDC+jsIy8WGEKcpYb7XDIKYqwNoZLrXTEdEkko6GyLOgR7/uRF0zyr2lbVvj0v1aw8jgI6REeojGx0gWroBtVRA1H0iJ7RG3o3nowX48OYzFqXjHzmAP2R8fkFLQ6nyQ==</latexit>

fm(ri, s̃
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Figure 1: The flow of conversational critiquing over three time steps. Previously critiqued keyphrases s̃t−2i at time t − 2 are
combined byψ with the newly critiqued keyphrase ct−1i at time t −1 to yield s̃t−1i . The recommendation produced by fm at time
t − 1 for user i is produced from the user’s historical preferences ri and cumulative critiques s̃t−1i up to time t − 1. This process
repeats for all t until the user accepts the recommendation (or terminates) and ceases to provide additional critiques.

At this point we have defined the generic functional structure of

the overall critiquing process, but we still need to provide formal

definitions of fm and ψ to address the critical problem of how

keyphrase critiques modulate recommendations. We now proceed

to do this in the specific setting of latent linear conversational

critiquing that extends and leverages the linearity of PLRec.

3 LATENT LINEAR CONVERSATIONAL
CRITIQUING

In this section, we begin by extending the PLRec framework to em-

bed language-based feedback mined from user reviews that will be

used for co-embedding critiques with user preferences from PLRec.

We then show how to combine critiques in a linear framework

where we propose methods for both simple critique averaging and

a more sophisticated framework for deriving critique weights by

leveraging a novel linear programming optimization formalization.

3.1 Co-embedding of Language-based Feedback
First we augment the PLRec framework with the ability to embed

language-based critiquing feedback in the same space as user pref-

erences. To achieve this, we leverage recommendation datasets with

both preference and review feedback from users.

PLRec naturally embeds user preferences over items into a latent

space as described in Equation (2). Once this latent embedding for

a user is obtained, we learn to embed keyphrase-based critiques for

a user by training to recover a user’s latent preference embedding

from the preference content implicitly revealed via their reviews.

To make this concrete, for each user i , PLRec encodes their latent
preference representation zi as in Equation (2). In addition, we have

review content for each user represented as a term frequency vector

ri
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<latexit sha1_base64="rww5tCZVa8s1SVyFq971PV3bsVY=">AAACEHicbVBNS8NAEN34WetX1aOXxSJ6kJKIoMeCF48V+gVNDJvtpF262YTdjVBDf4IX/4oXD4p49ejNf+M2zUFbHww83pthZl6QcKa0bX9bS8srq2vrpY3y5tb2zm5lb7+t4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gtH11O/cg1QsFk09TsCLyECwkFGijeRXTlxOxIADdodEZ25E9DAIs4fJxGdnuHPXxK7Mfb9StWt2DrxInIJUUYGGX/ly+zFNIxCacqJUz7ET7WVEakY5TMpuqiAhdEQG0DNUkAiUl+UPTfCxUfo4jKUpoXGu/p7ISKTUOApM5/RiNe9Nxf+8XqrDKy9jIkk1CDpbFKYc6xhP08F9JoFqPjaEUMnMrZgOiSRUmwzLJgRn/uVF0j6vOXbNub2o1u0ijhI6REfoFDnoEtXRDWqgFqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucPuuyc8Q==</latexit><latexit sha1_base64="rww5tCZVa8s1SVyFq971PV3bsVY=">AAACEHicbVBNS8NAEN34WetX1aOXxSJ6kJKIoMeCF48V+gVNDJvtpF262YTdjVBDf4IX/4oXD4p49ejNf+M2zUFbHww83pthZl6QcKa0bX9bS8srq2vrpY3y5tb2zm5lb7+t4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gtH11O/cg1QsFk09TsCLyECwkFGijeRXTlxOxIADdodEZ25E9DAIs4fJxGdnuHPXxK7Mfb9StWt2DrxInIJUUYGGX/ly+zFNIxCacqJUz7ET7WVEakY5TMpuqiAhdEQG0DNUkAiUl+UPTfCxUfo4jKUpoXGu/p7ISKTUOApM5/RiNe9Nxf+8XqrDKy9jIkk1CDpbFKYc6xhP08F9JoFqPjaEUMnMrZgOiSRUmwzLJgRn/uVF0j6vOXbNub2o1u0ijhI6REfoFDnoEtXRDWqgFqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucPuuyc8Q==</latexit><latexit sha1_base64="rww5tCZVa8s1SVyFq971PV3bsVY=">AAACEHicbVBNS8NAEN34WetX1aOXxSJ6kJKIoMeCF48V+gVNDJvtpF262YTdjVBDf4IX/4oXD4p49ejNf+M2zUFbHww83pthZl6QcKa0bX9bS8srq2vrpY3y5tb2zm5lb7+t4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gtH11O/cg1QsFk09TsCLyECwkFGijeRXTlxOxIADdodEZ25E9DAIs4fJxGdnuHPXxK7Mfb9StWt2DrxInIJUUYGGX/ly+zFNIxCacqJUz7ET7WVEakY5TMpuqiAhdEQG0DNUkAiUl+UPTfCxUfo4jKUpoXGu/p7ISKTUOApM5/RiNe9Nxf+8XqrDKy9jIkk1CDpbFKYc6xhP08F9JoFqPjaEUMnMrZgOiSRUmwzLJgRn/uVF0j6vOXbNub2o1u0ijhI6REfoFDnoEtXRDWqgFqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucPuuyc8Q==</latexit><latexit sha1_base64="rww5tCZVa8s1SVyFq971PV3bsVY=">AAACEHicbVBNS8NAEN34WetX1aOXxSJ6kJKIoMeCF48V+gVNDJvtpF262YTdjVBDf4IX/4oXD4p49ejNf+M2zUFbHww83pthZl6QcKa0bX9bS8srq2vrpY3y5tb2zm5lb7+t4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gtH11O/cg1QsFk09TsCLyECwkFGijeRXTlxOxIADdodEZ25E9DAIs4fJxGdnuHPXxK7Mfb9StWt2DrxInIJUUYGGX/ly+zFNIxCacqJUz7ET7WVEakY5TMpuqiAhdEQG0DNUkAiUl+UPTfCxUfo4jKUpoXGu/p7ISKTUOApM5/RiNe9Nxf+8XqrDKy9jIkk1CDpbFKYc6xhP08F9JoFqPjaEUMnMrZgOiSRUmwzLJgRn/uVF0j6vOXbNub2o1u0ijhI6REfoFDnoEtXRDWqgFqLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucPuuyc8Q==</latexit>

r̂i
<latexit sha1_base64="bweb93TOGduicB2gfamfHGqoC/A=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLgxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTAXX4DjfVm1jc2t7p77b2Ns/ODyyj5t9nWSKsh5NRKKGIdFMcMl6wEGwYaoYiUPBBuHstvQHj0xpnsgHmKfMj8lE8ohTAkYK7KY3JZB7MYFpGOWqKAIe2C2n7SyA14lbkRaq0A3sL2+c0CxmEqggWo9cJwU/Jwo4FaxoeJlmKaEzMmEjQyWJmfbzRfYCnxtljKNEmScBL9TfGzmJtZ7HoZksQ+pVrxT/80YZRDd+zmWaAZN0eSjKBIYEl0XgMVeMgpgbQqjiJiumU6IIBVNXw5Tgrn55nfQv267Tdu+vWh2nqqOOTtEZukAuukYddIe6qIcoekLP6BW9WYX1Yr1bH8vRmlXtnKA/sD5/AM7blN4=</latexit><latexit sha1_base64="bweb93TOGduicB2gfamfHGqoC/A=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLgxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTAXX4DjfVm1jc2t7p77b2Ns/ODyyj5t9nWSKsh5NRKKGIdFMcMl6wEGwYaoYiUPBBuHstvQHj0xpnsgHmKfMj8lE8ohTAkYK7KY3JZB7MYFpGOWqKAIe2C2n7SyA14lbkRaq0A3sL2+c0CxmEqggWo9cJwU/Jwo4FaxoeJlmKaEzMmEjQyWJmfbzRfYCnxtljKNEmScBL9TfGzmJtZ7HoZksQ+pVrxT/80YZRDd+zmWaAZN0eSjKBIYEl0XgMVeMgpgbQqjiJiumU6IIBVNXw5Tgrn55nfQv267Tdu+vWh2nqqOOTtEZukAuukYddIe6qIcoekLP6BW9WYX1Yr1bH8vRmlXtnKA/sD5/AM7blN4=</latexit><latexit sha1_base64="bweb93TOGduicB2gfamfHGqoC/A=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLgxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTAXX4DjfVm1jc2t7p77b2Ns/ODyyj5t9nWSKsh5NRKKGIdFMcMl6wEGwYaoYiUPBBuHstvQHj0xpnsgHmKfMj8lE8ohTAkYK7KY3JZB7MYFpGOWqKAIe2C2n7SyA14lbkRaq0A3sL2+c0CxmEqggWo9cJwU/Jwo4FaxoeJlmKaEzMmEjQyWJmfbzRfYCnxtljKNEmScBL9TfGzmJtZ7HoZksQ+pVrxT/80YZRDd+zmWaAZN0eSjKBIYEl0XgMVeMgpgbQqjiJiumU6IIBVNXw5Tgrn55nfQv267Tdu+vWh2nqqOOTtEZukAuukYddIe6qIcoekLP6BW9WYX1Yr1bH8vRmlXtnKA/sD5/AM7blN4=</latexit><latexit sha1_base64="bweb93TOGduicB2gfamfHGqoC/A=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi6LLgxmUF+4AmhMl00g6dTMLMjVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DMnTAXX4DjfVm1jc2t7p77b2Ns/ODyyj5t9nWSKsh5NRKKGIdFMcMl6wEGwYaoYiUPBBuHstvQHj0xpnsgHmKfMj8lE8ohTAkYK7KY3JZB7MYFpGOWqKAIe2C2n7SyA14lbkRaq0A3sL2+c0CxmEqggWo9cJwU/Jwo4FaxoeJlmKaEzMmEjQyWJmfbzRfYCnxtljKNEmScBL9TfGzmJtZ7HoZksQ+pVrxT/80YZRDd+zmWaAZN0eSjKBIYEl0XgMVeMgpgbQqjiJiumU6IIBVNXw5Tgrn55nfQv267Tdu+vWh2nqqOOTtEZukAuukYddIe6qIcoekLP6BW9WYX1Yr1bH8vRmlXtnKA/sD5/AM7blN4=</latexit>

Encoding DecodingMerging

fm(·)
<latexit sha1_base64="KeiAq6+aIz9KBDU70ljVLwxkP7I=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAF48RzAOTJczOziZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo7bRmWa0BZRXOluhA3lTNKWZZbTbqopFhGnnWh8O/M7T1QbpuSDnaQ0FHgoWcIItk56TAai1iexsheDStWv+3OgVRIUpAoFmoPKVz9WJBNUWsKxMb3AT22YY20Z4XRa7meGppiM8ZD2HJVYUBPm84un6NwpMUqUdiUtmqu/J3IsjJmIyHUKbEdm2ZuJ/3m9zCY3Yc5kmlkqyWJRknFkFZq9j2KmKbF84ggmmrlbERlhjYl1IZVdCMHyy6ukfVkP/Hpwf1Vt+EUcJTiFM6hBANfQgDtoQgsISHiGV3jzjPfivXsfi9Y1r5g5gT/wPn8A44iQVQ==</latexit><latexit sha1_base64="KeiAq6+aIz9KBDU70ljVLwxkP7I=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAF48RzAOTJczOziZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo7bRmWa0BZRXOluhA3lTNKWZZbTbqopFhGnnWh8O/M7T1QbpuSDnaQ0FHgoWcIItk56TAai1iexsheDStWv+3OgVRIUpAoFmoPKVz9WJBNUWsKxMb3AT22YY20Z4XRa7meGppiM8ZD2HJVYUBPm84un6NwpMUqUdiUtmqu/J3IsjJmIyHUKbEdm2ZuJ/3m9zCY3Yc5kmlkqyWJRknFkFZq9j2KmKbF84ggmmrlbERlhjYl1IZVdCMHyy6ukfVkP/Hpwf1Vt+EUcJTiFM6hBANfQgDtoQgsISHiGV3jzjPfivXsfi9Y1r5g5gT/wPn8A44iQVQ==</latexit><latexit sha1_base64="KeiAq6+aIz9KBDU70ljVLwxkP7I=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAF48RzAOTJczOziZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo7bRmWa0BZRXOluhA3lTNKWZZbTbqopFhGnnWh8O/M7T1QbpuSDnaQ0FHgoWcIItk56TAai1iexsheDStWv+3OgVRIUpAoFmoPKVz9WJBNUWsKxMb3AT22YY20Z4XRa7meGppiM8ZD2HJVYUBPm84un6NwpMUqUdiUtmqu/J3IsjJmIyHUKbEdm2ZuJ/3m9zCY3Yc5kmlkqyWJRknFkFZq9j2KmKbF84ggmmrlbERlhjYl1IZVdCMHyy6ukfVkP/Hpwf1Vt+EUcJTiFM6hBANfQgDtoQgsISHiGV3jzjPfivXsfi9Y1r5g5gT/wPn8A44iQVQ==</latexit><latexit sha1_base64="KeiAq6+aIz9KBDU70ljVLwxkP7I=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoMeAF48RzAOTJczOziZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFKWfG+v63t7a+sbm1Xdop7+7tHxxWjo7bRmWa0BZRXOluhA3lTNKWZZbTbqopFhGnnWh8O/M7T1QbpuSDnaQ0FHgoWcIItk56TAai1iexsheDStWv+3OgVRIUpAoFmoPKVz9WJBNUWsKxMb3AT22YY20Z4XRa7meGppiM8ZD2HJVYUBPm84un6NwpMUqUdiUtmqu/J3IsjJmIyHUKbEdm2ZuJ/3m9zCY3Yc5kmlkqyWJRknFkFZq9j2KmKbF84ggmmrlbERlhjYl1IZVdCMHyy6ukfVkP/Hpwf1Vt+EUcJTiFM6hBANfQgDtoQgsISHiGV3jzjPfivXsfi9Y1r5g5gT/wPn8A44iQVQ==</latexit>

ẑi
<latexit sha1_base64="CQxTbtwHO42hTGUNT5Zx6scq2Cg=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXRbcuKxgH9CEMJlO2qGTSZi5EWvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEqeAaHOfbWlvf2Nzaru3Ud/f2Dw7to0ZPJ5mirEsTkahBSDQTXLIucBBskCpG4lCwfji9Kf3+A1OaJ/IeZinzYzKWPOKUgJECu+FNCOReTGASRvlTUQQ8sJtOy5kDrxK3Ik1UoRPYX94ooVnMJFBBtB66Tgp+ThRwKlhR9zLNUkKnZMyGhkoSM+3n8+wFPjPKCEeJMk8Cnqu/N3ISaz2LQzNZhtTLXin+5w0ziK79nMs0Aybp4lCUCQwJLovAI64YBTEzhFDFTVZMJ0QRCqauuinBXf7yKuldtFyn5d5dNttOVUcNnaBTdI5cdIXa6BZ1UBdR9Iie0St6swrrxXq3Phaja1a1c4z+wPr8AdsblOY=</latexit><latexit sha1_base64="CQxTbtwHO42hTGUNT5Zx6scq2Cg=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXRbcuKxgH9CEMJlO2qGTSZi5EWvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEqeAaHOfbWlvf2Nzaru3Ud/f2Dw7to0ZPJ5mirEsTkahBSDQTXLIucBBskCpG4lCwfji9Kf3+A1OaJ/IeZinzYzKWPOKUgJECu+FNCOReTGASRvlTUQQ8sJtOy5kDrxK3Ik1UoRPYX94ooVnMJFBBtB66Tgp+ThRwKlhR9zLNUkKnZMyGhkoSM+3n8+wFPjPKCEeJMk8Cnqu/N3ISaz2LQzNZhtTLXin+5w0ziK79nMs0Aybp4lCUCQwJLovAI64YBTEzhFDFTVZMJ0QRCqauuinBXf7yKuldtFyn5d5dNttOVUcNnaBTdI5cdIXa6BZ1UBdR9Iie0St6swrrxXq3Phaja1a1c4z+wPr8AdsblOY=</latexit><latexit sha1_base64="CQxTbtwHO42hTGUNT5Zx6scq2Cg=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXRbcuKxgH9CEMJlO2qGTSZi5EWvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEqeAaHOfbWlvf2Nzaru3Ud/f2Dw7to0ZPJ5mirEsTkahBSDQTXLIucBBskCpG4lCwfji9Kf3+A1OaJ/IeZinzYzKWPOKUgJECu+FNCOReTGASRvlTUQQ8sJtOy5kDrxK3Ik1UoRPYX94ooVnMJFBBtB66Tgp+ThRwKlhR9zLNUkKnZMyGhkoSM+3n8+wFPjPKCEeJMk8Cnqu/N3ISaz2LQzNZhtTLXin+5w0ziK79nMs0Aybp4lCUCQwJLovAI64YBTEzhFDFTVZMJ0QRCqauuinBXf7yKuldtFyn5d5dNttOVUcNnaBTdI5cdIXa6BZ1UBdR9Iie0St6swrrxXq3Phaja1a1c4z+wPr8AdsblOY=</latexit><latexit sha1_base64="CQxTbtwHO42hTGUNT5Zx6scq2Cg=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXRbcuKxgH9CEMJlO2qGTSZi5EWvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+aEqeAaHOfbWlvf2Nzaru3Ud/f2Dw7to0ZPJ5mirEsTkahBSDQTXLIucBBskCpG4lCwfji9Kf3+A1OaJ/IeZinzYzKWPOKUgJECu+FNCOReTGASRvlTUQQ8sJtOy5kDrxK3Ik1UoRPYX94ooVnMJFBBtB66Tgp+ThRwKlhR9zLNUkKnZMyGhkoSM+3n8+wFPjPKCEeJMk8Cnqu/N3ISaz2LQzNZhtTLXin+5w0ziK79nMs0Aybp4lCUCQwJLovAI64YBTEzhFDFTVZMJ0QRCqauuinBXf7yKuldtFyn5d5dNttOVUcNnaBTdI5cdIXa6BZ1UBdR9Iie0St6swrrxXq3Phaja1a1c4z+wPr8AdsblOY=</latexit>

s̃i
<latexit sha1_base64="krna0Ea7u1YChHnzRQfKIVQ8HBw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFNy4r2FZoQ5hMJu3QySTMTIQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6ScKe0431ZtZXVtfaO+2dja3tnds/cPeirJJKFdkvBE3gdYUc4E7WqmOb1PJcVxwGk/mFyXfv+BSsUScaenKfViPBIsYgRrI/n20VAzHtJ8GGM9DqJcFYXPfLvptJwZ0DJxK9KECh3f/hqGCcliKjThWKmB66Tay7HUjHBaNIaZoikmEzyiA0MFjqny8ln6Ap0aJURRIs0TGs3U3xs5jpWaxoGZLEOqRa8U//MGmY6uvJyJNNNUkPmhKONIJ6isAoVMUqL51BBMJDNZERljiYk2hTVMCe7il5dJ77zlOi339qLZdqo66nAMJ3AGLlxCG26gA10g8AjP8Apv1pP1Yr1bH/PRmlXtHMIfWJ8/bRWVyA==</latexit><latexit sha1_base64="krna0Ea7u1YChHnzRQfKIVQ8HBw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFNy4r2FZoQ5hMJu3QySTMTIQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6ScKe0431ZtZXVtfaO+2dja3tnds/cPeirJJKFdkvBE3gdYUc4E7WqmOb1PJcVxwGk/mFyXfv+BSsUScaenKfViPBIsYgRrI/n20VAzHtJ8GGM9DqJcFYXPfLvptJwZ0DJxK9KECh3f/hqGCcliKjThWKmB66Tay7HUjHBaNIaZoikmEzyiA0MFjqny8ln6Ap0aJURRIs0TGs3U3xs5jpWaxoGZLEOqRa8U//MGmY6uvJyJNNNUkPmhKONIJ6isAoVMUqL51BBMJDNZERljiYk2hTVMCe7il5dJ77zlOi339qLZdqo66nAMJ3AGLlxCG26gA10g8AjP8Apv1pP1Yr1bH/PRmlXtHMIfWJ8/bRWVyA==</latexit><latexit sha1_base64="krna0Ea7u1YChHnzRQfKIVQ8HBw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFNy4r2FZoQ5hMJu3QySTMTIQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6ScKe0431ZtZXVtfaO+2dja3tnds/cPeirJJKFdkvBE3gdYUc4E7WqmOb1PJcVxwGk/mFyXfv+BSsUScaenKfViPBIsYgRrI/n20VAzHtJ8GGM9DqJcFYXPfLvptJwZ0DJxK9KECh3f/hqGCcliKjThWKmB66Tay7HUjHBaNIaZoikmEzyiA0MFjqny8ln6Ap0aJURRIs0TGs3U3xs5jpWaxoGZLEOqRa8U//MGmY6uvJyJNNNUkPmhKONIJ6isAoVMUqL51BBMJDNZERljiYk2hTVMCe7il5dJ77zlOi339qLZdqo66nAMJ3AGLlxCG26gA10g8AjP8Apv1pP1Yr1bH/PRmlXtHMIfWJ8/bRWVyA==</latexit><latexit sha1_base64="krna0Ea7u1YChHnzRQfKIVQ8HBw=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZcFNy4r2FZoQ5hMJu3QySTMTIQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZE6ScKe0431ZtZXVtfaO+2dja3tnds/cPeirJJKFdkvBE3gdYUc4E7WqmOb1PJcVxwGk/mFyXfv+BSsUScaenKfViPBIsYgRrI/n20VAzHtJ8GGM9DqJcFYXPfLvptJwZ0DJxK9KECh3f/hqGCcliKjThWKmB66Tay7HUjHBaNIaZoikmEzyiA0MFjqny8ln6Ap0aJURRIs0TGs3U3xs5jpWaxoGZLEOqRa8U//MGmY6uvJyJNNNUkPmhKONIJ6isAoVMUqL51BBMJDNZERljiYk2hTVMCe7il5dJ77zlOi339qLZdqo66nAMJ3AGLlxCG26gA10g8AjP8Apv1pP1Yr1bH/PRmlXtHMIfWJ8/bRWVyA==</latexit>
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Figure 2: The structure of critiqued recommendation fm (·).
Historical user preferences ri and critiqued keyphrases s̃i
from user i flow in at the left and are embedded into respec-
tive latent spaces (i.e., a single vector embedding zi for pref-
erences and a matrix Z̃i containing embeddings for each cri-
tique). These latent embeddings are then combined in the
merging stage (a critical contribution of the paper) and fi-
nally decoded into new item recommendations r̂i for user i
on the right that take into account their critiques.

(user keyphrases) si . With this, we can now cast the co-embedding

task as the following linear regression problem:

argmin

W2,b

∑
i
∥zi − z̃i ∥22 + Ω(W2) , (5)

where

z̃i = siWT
2
+ b (6)

andW2 ∈ R
|K |× |L |

projects users’ review text to into their latent

representation and b is a bias term. We will show how to use the

learned regression model to conduct critiquing in next section.
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3.2 Latent Linear Critiquing
In this section, we aim to specify how the critiquing-based recom-

mendation system can make new recommendations after a user i
has provided critiques c1i · · · c

t
i over t iterations (as demonstrated in

Figure 1 and 2), where critiques cti are encoded as one-hot keyphrase
indicators that represent a user i’s dislike of a keyphrase description
at time step t .

We start off by recalling that for a fixed user i and item j, the
prediction of an item preference r̂i , j can be written as an inner

product ⟨·, ·⟩ of the user and item embedding:

r̂i , j = ⟨zi ,wj ⟩ , (7)

where user representation zi comes from the embedding of a user’s

historical preferences and wj is the row ofW corresponding to

item j’s latent embedding.

As mentioned previously, to transform the user’s critiques ci
into an embeddable term frequency representation that can be co-

embedded with user preference embeddings, we use the cumulative

critiquing function defined as follows:

s̃ti = ψ (si , s̃
t−1
i , c

t
i ) = s̃t−1i −max(si , 1) ⊙ cti , (8)

where ⊙ represents element-wise multiplication of two vectors and

the initial s̃0i is a zero vector of length |K |. The rationale for using

max(si , 1) ⊙ cti is twofold: (i) the critiqued keyphrase should be

embedded with a strength similar to the user’s overall frequency

usage of the keyphrase (otherwise the linear embedding may have

a small magnitude), hence si ⊙ cti , but (ii) if the user did not use the
keyphrase, it should receive a non-zero frequency, hence max(·, 1).

With the critiqued keyphrases s̃ti and the mapping between

keyphrase and user latent representation learned in Equation (5),

we provide a latent representation of all critiques in matrix form

Z̃ t
i = diag(s̃ti )W

T
2
+ B , (9)

where each row z̃ki of the matrix Z̃i represents latent representation
of the kth critiqued keyphrase, and each row of B is the identical

bias term b. While the matrix Z̃i appears large, it is sparse and

simply used here for notational convenience to represent stacking
of all critiqued keyphrase embeddings in matrix form.

Under an assumption that critiques at each time step should

be weighted equally (with the user preference), we define simple

UniformAverage Critiquing by specifying the merging function

ϕλ(zi , Z̃
t
i ) = λ0zi + λ1z̃

1

i · · · λ |K | z̃
|K |
i , (10)

where λ0, λ1, . . . , λ |K | are identical and sum to 1 (hence all λ’s equal
1

|K |+1 ). Note that we omit the identical time step t superscripts to

reduce notational clutter. Clearly, this merging function averages

the user preferences and critiqued keyphrase embeddings uniformly.

We can then obtain the refined recommendation score r̂ ti , j of each

user i for item j at time step t by decoding the latent representation
and rearranging terms as follows:

r̂ ti , j = ⟨ϕλ(zi , Z̃i ),wj ⟩

= ⟨(λ0zi + λ1z̃1i + · · · + λ |K | z̃
|K |
i ),wj ⟩

=
1

|K | + 1

(
⟨zi ,wj ⟩ + ⟨z̃1i ,wj ⟩ + · · · + ⟨z̃

|K |
i ,wj ⟩

)
,

(11)

where the second line substitutes the definition of ϕλ(zi , Z̃i ) from
Equation (10) and the final line distributes the inner product over

the summation but factors out the common coefficient.

An alternative approach we call Balanced Average Critiquing
averages critique embeddings Z̃i together and then averages them

again with the user preference embedding, thereby balancing the

critique and user embeddings. This user-balanced average reflects

the notion that user preferences after critiques should not devi-

ate too drastically from the base user preferences to begin with.

Formally, we define the merging function as

ϕλ(zi , Z̃
t
i ) = λ0zi + λ1z̃

1

i + · · · λ |K | z̃
|K |
i

=
1

2

(
zi +

1

|K |

(
z̃1i + · · · z̃

|K |
i

))
,

(12)

where λ0 =
1

2
and the remaining λ’s equal 1

2×|K | .

Unfortunately, the simple average critique weighting assumption

described above can be violated in a few ways in practice:

• Not all critiques are equal. More specifically, later critiques

may be more subtle refinements of earlier critiques.

• Not all critiques are independent. For instance, two critiques

may substantially overlap while another critique may be

more orthogonal to the first two and deserve more weight.

Therefore, we look for better solutions by seeking a way to optimize

the weights used to merge critiques.

3.3 LP-based Critiquing Optimization
Based on the above criticisms, we revisit the merging function in

the linear form of Equation (10) for arbitrary λ’s and consider that

each critique embedding has an additive linear impact on the rating:

r ti , j = ⟨λ0zi + λ1z̃
1

i · · · λ |K | z̃
|K |
i ,wj ⟩

= ⟨λ0zi ,wj ⟩ + ⟨λ1z̃1i ,wj ⟩ + · · · + ⟨λ |K | z̃
|K |
i ,wj ⟩ .

(13)

Now, the question is how can we automatically find a better non-

uniform weighting, i.e., optimal λ values?

In short, we can view this question as a formal optimization of

the λ’s in Equation (13). While the design of such an optimization

problem is inherently subjective, there are a few key desiderata:

• The rating of items known to have the critiqued keyphrase

description (j+k ) should be minimized.

• Inversely, the rating of items not known to contain the cri-

tiqued keyphrase (j−k ) should be maximized.

• Because we are ranking and λ weights could be infinite if

unbounded, we need to ensure the λ are finitely bounded.

3.4 Optimization Objective
Based on the above desiderata, we arrive at the following linear

objective of optimal critique weighting for each time step t

max

λ0, ...,λ |K |

∑
j+k

∑
j−k

(
r̂ ti , j−k − r̂

t
i , j+k

)
, (14)

where we choose user and critique embedding weights λ0, . . . , λ |K |
to maximize the pairwise difference of ratings of non-critiqued

items j−k with critiqued items j+k . To limit computational com-

plexity, we consider the top-100 rated items meeting the criteria for

j+k and j−k since other items are less likely to be seen by the user.
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Critically, since all of the embeddings are fixed, we see that the

objective in Equation (14) is linear in the optimized variables and

this is in fact a simple linear programming (LP) formulation of our

desiderata. This is a fortuitous observation since LPs can be solved

efficiently at scale (millions of variables and constraints), which

enables practical deployment of this optimized weighting approach.

We propose three different LP constraint candidates:

• LP Option 1: Here, we assume the weighting of the orig-

inal user preferences remain unchanged (λ0 = 1). For the

critique weights λi (i > 0), we allow for the fact that some cri-

tiques may partially cancel out others (i.e., having a negative

weight) in the event of non-independence:

λ0 = 1, λ
1· · · |K | ∈ [−1,+1] (15)

• LP Option 2: While we previously chose the critique em-

bedding with the intent that a latent weighting of λ
1· · · |K | ∈

[−1,+1] should be a sufficient range (cf. discussion follow-

ing Equation (8)), we now check this assumption by simply

increasing the allowable range from [−1, 1] to [−r ,+r ]:

λ0 = 1, λ
1· · · |K | ∈ [−r ,+r ], where r ∈ [1,∞) (16)

• LP Option 3: Here, we require all λ’s to be positive and sum
to one, forcing the λ’s to “compete” with each other. We also

allow the LP to zero out λ0 to ignore base user preferences:

|K |∑
n=0

λn = 1, and λ
0· · · |K | ∈ [0, 1] (17)

We remark that LP1 and LP2 with pure bound constraints admit

a greedy solution since the optimal λi ’s must be at the bound limits.

Though not intuitive, these extreme weights work well empirically.

4 EXPERIMENTS
4.1 Dataset and Code
We evaluate the LLC framework on two publicly available datasets

using simulated users for large-scale comparative evaluation: Beer-

Advocate [6] and Amazon CDs&Vinyl [3, 7]. Each of the datasets

contain 100,000+ reviews and product rating records. For Top-N

ranking evaluation, we binarize the rating column of both datasets

with rating threshold ϑ (ϑ > 3 out of 5 for CDs&Vinyl, ϑ > 4 out

of 5 for BeerAdvocate). Table 3 shows overall dataset statistics for

our experiments. Code to reproduce all experiments is on github.
1

4.2 Automated Keyphrase Extraction
We extract descriptive keyphrases from reviews (cf. Table 1) that

may represent variant expressions for the same concept; this is

different from aspects that tend to be independent attributes [19].

We used the following steps to extract candidate keyphrases:

(1) Extract separate unigram and bigram lists of high frequency

noun and adjective phrases from reviews of the entire dataset.

(2) Prune the bigram keyphrase list using a Pointwise Mutual In-

formation (PMI) threshold to ensure bigrams are statistically

unlikely to have occurred at random.

(3) Represent each review as a sparse 0-1 vector indicating

whether each keyphrase occurred in the review.

1https://github.com/k9luo/LatentLinearCritiquingforConvRecSys.

Table 3: Summary of datasets.We selected 40 keyphrases for
CDs&Vinyl and 75 keyphrases for BeerAdvocate. Keyphrase
coverage shows the percentage of reviews/comments that
have at least one selected keyphrase.

Dataset # Users # Items |ri , j > ϑ |
Rating

Sparsity

Keyphrase

Coverage

Keyphrase

Average Counts

(per User)

CDs&Vinyl

(Amazon)

6,056 4,395 152,670 0.5736% 75.48% 13.9969

Beer

(BeerAdvocate)

6,370 3,668 263,278 1.1268% 99.29% 55.1088

Algorithm 1 User Simulation Evaluation

1: procedure Eval(Rte for test)

2: for each user i do
3: for each target item j, where r tei , j = 1 do
4: for time step t ∈ ranдe(1,MAX ) do
5: user act critique ct

6: optimize λ0...λt

7: r̂ ti , j ← ⟨λ0zi + λ1z̃
1

i + · · · λ |K | z̃
|K |
i ,wj ⟩

8: if j in Top-N recommendation list then
9: break session with success

10: length←min(t,MAX )

11: return average success rate & length

4.3 Critiquing User Simulation Evaluation
In order to perform an evaluation of each model’s performance in

a multi-step conversational recommendation scenario using offline

data provided in our datasets, we conduct an evaluation by user

simulation. Concretely, as described in Algorithm 1, we track the

conversational interaction session of simulated users by randomly

selecting a target item from their test set, having the user critique

keyphrases inconsistent with the target item, and repeating until

an iteration limit or the target item appears within the top-N rec-

ommendations on that iteration. For each user, we collect results

from three simulated sessions and estimate the average success rate

as well as the average session length for model comparison. Two

example user critiquing simulations with LP1 are shown in Table 2.

The Top-N ranking threshold in this experiment is selected from

{1, 5, 10}, where success becomes easier with increasing N. The

maximum allowed critiquing iterations in Algorithm 1 is set to 10.

4.4 Candidate Critiquing Algorithms
Before listing the critiquing algorithms we compare, we first intro-

duce a method that has omniscient knowledge of target items and

the correctness of keyphrase descriptions that we term “Oracular

Upper Bound”. In general we cannot assume keyphrase labels are

accurate descriptions nor can we assume that all relevant keyphrase

labels occur for an item (they are derived from sparse user review

content) and hence in practice we cannot simply prune all items

that contain a critiqued keyphrase. However, if we “cheat” and

assume knowledge of the user simulation and the perfect nature

of keyphrase labels that are provided to the user in the simulation,

we can define the “Oracular Upper Bound” that perfectly prunes

the recommendation list after each critique. Because this assumes
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Table 4: Average percentage of target items successfully retrieved within Top-N (1,5,10) with 95% confidence intervals.

Model

CDs&Vinyl Beer

Success Rate@1 Success Rate@5 Success Rate@10 Success Rate@1 Success Rate@5 Success Rate@10

Oracle-UB 0.1332±0.0037 0.2819±0.0085 0.3718±0.0033 0.4419±0.0199 0.7064±0.0258 0.7853±0.0141

UAC 0.1192±0.0066 0.2408±0.0115 0.3123±0.0091 0.12±0.0038 0.2847±0.0047 0.3932±0.016

BAC 0.1232±0.0063 0.2587±0.0075 0.3382±0.0105 0.1154±0.0047 0.2924±0.0139 0.3906±0.0164

LP1 0.1301±0.0111 0.2722±0.0154 0.3426±0.0125 0.149±0.0072 0.3391±0.009 0.4524±0.006
LP2 0.0379±0.0061 0.1025±0.0041 0.153±0.0044 0.0851±0.0066 0.2229±0.0086 0.3145±0.0107

LP3 0.0663±0.0059 0.1693±0.0035 0.2282±0.0071 0.0961±0.0125 0.2513±0.0175 0.3495±0.0024

Table 5: Average length of sessions to achieve Top-N (1,5,10) target ranks with 95% confidence intervals.

Model

CDs&Vinyl Beer

Average Length@1 Average Length@5 Average Length@10 Average Length@1 Average Length@5 Average Length@10

Oracle-UB 4.5791±0.0665 3.9914±0.0486 3.6254±0.0525 5.1709±0.0588 3.8794±0.1312 3.3377±0.1227

UAC 9.0335±0.0384 7.9361±0.1104 7.2785±0.0841 6.1647±0.081 5.388±0.0765 4.8398±0.0166

BAC 8.984±0.0534 7.7693±0.0584 7.0648±0.089 6.3795±0.1538 5.535±0.141 5.0138±0.1103

LP1 8.4136±0.0605 7.2963±0.1347 6.693±0.1276 5.7623±0.1357 4.9893±0.128 4.4925±0.1026
LP2 9.674±0.0656 9.1579±0.0504 8.7434±0.0335 6.4092±0.0396 5.8067±0.056 5.3961±0.1076

LP3 9.4715±0.0417 8.629±0.0327 8.1493±0.078 6.4367±0.1385 5.7517±0.1646 5.3186±0.0679
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Figure 3: Long tail item analysis average success rate at tar-
get rank 5 comparison for different critiquing algorithms on
CDs&Vinyl and Beer with 95% confidence interval.

knowledge of the user simulation that actual critiquing methods

cannot assume, this method serves as an approximate upper bound.

Now we list all critiquing methods used in our experiments:

• Oracle-UB: Oracular upper bound as defined above.

• UAC: Uniform Average Critiquing from Equation (10).

• BAC: Balanced Average Critiquing from Equation (12).

• LP 1-3: See respective Equations (15), (16) (r =100), & (17).

4.5 Critiquing Empirical Results
4.5.1 Average Success Rate and Session Length. Table 4 shows the
percentage of target items that successfully reach a rank of N

∈ {1, 5, 10} before the session terminates and Table 5 shows the

average length of these sessions (both results averaged over users).

From Table 3, we observe that the Beer dataset is much more dense

than CDs&Vinyl in terms of the number of ratings per user and

the number of keyphrases they used; this leads to marginally better

performance of all methods on Beer than CDs&Vinyl since overall

learning quality generally improves with information density.

The results illustrate that Oracle-UB behaves as an upper bound

as expected. For the non-oracular methods, LP1 consistently out-

performs the two baselines (UAC and BAC) and other LP variants

across datasets and target ranks. LP1 finds a good weight trade-off

between base user preferences and critique. LP3 shows a higher

success rate than LP2 across datasets and target ranks. The aver-

age critiquing session length results closely reflect the success rate

results — a higher success rate leads to earlier session termination.

Overall, we see that simply averaging the latent user and critique

embeddings in UAC and BAC provide a reasonably strong baseline

method, though there is no clear winner among the two across both

datasets. We see that LP1 outperforms all other methods and further

that LP2 and LP3 are weaker than LP1, UAC, and BAC, indicating

that the nuanced choice of optimization objective and constraints

is critical for good performance. The results suggest that the more

extreme λ weight range of LP2 hurt performance and thus the

restricted weight range of LP1 serves as a sort of “regularization”

effect on how well the optimized weighting generalizes to the next

step. Constraining total weight magnitude to force trade-offs in the

weighting of each critique in LP3 appears to hurt performance.

4.5.2 Long-tail Item Analysis. In Figure 3, we split items by popu-

larity into the top 20% tail 80% of items and report average success

rate at target rank N = 5. All models perform better for the top 20%

of items since they are more popular and likely to be recommended.

LP3 provides strong performance on the top 20% items (outper-

forming even Oracle-UB on CDs&Vinyl) since it is the one method

that can ignore the user embedding and rely solely on popularity

bias. For the tail 80% of items, LP1 performs competitively showing

that optimization combined with consideration of the base user

embedding is helpful to retrieve more personalized long-tail items.
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